Abstract. We study the relationship between intersection theory for analytic varieties and membership of w-tuples of Toeplitz operators in the CowenDouglas class Bm(il). Connections with holomorphic mappings are discussed.
Introduction
In this note we provide evidence that a close relationship exists between intersection theory and membership in the Cowen-Douglas class Bm(Cl) (see [6, 7] ) of certain n-tuples Tv of Toeplitz operators with bounded antiholomorphic symbols w , acting on the Bergman space over a pseudoregular bounded domain ACCV Here a pseudoregular domain is one on which the d -Neumann operator N is compact in the L2 topology (see [17] ). (Observe that Bell's Condition R is necessary for pseudoregularity; see [1] .)
The above relationship stems from the fact that such w-tuples Tv belong to the class Bm(Q.), where Q is a bounded domain in C" and m £ Z+, if and only if y/ £ H°°(A) is an m-analytic cover of ft, i.e., ft C lj/(A), and : A = y/~l (ft) -* ft is a proper mapping of multiplicity m . The proof of this result was given in [14] . In the course of this proof, an important property of proper holomorphic mappings was rediscovered (see the proof of [14, Theorem
3.5]):
Let (p : A -► ft be a proper holomorphic mapping of multiplicity m, so that Card(0-1({u>})) = mVw £ 4>(Sf), where 3? = {z £ A : det(/>'(z) = 0} is the critical manifold of <p. For each z G A let cf(z) be the algebra of germs of holomorphic functions in neighborhoods of z and ^(z) be the ideal in cf(z) generated by the components of <p -(p(z). Then
is constant on ft and hence coincides with m . Property (*) for proper holomorphic mappings (at least for compact complex manifolds) is well understood among algebraic geometers and is a generalization of a theorem of Remmert and Stein (see [16, Theorem 15 We shall also present a simplification of [14, Theorem 3.5] . We point out that in [14] , property (*) is proved using operator theoretic techniques. We believe that the arguments provided here are more natural.
Actually, condition (*) is essentially equivalent to another interesting property of proper holomorphic mappings brought to light by the above-mentioned connection between the Cowen-Douglas class and intersection theory. To put the hypotheses of our theorem in perspective, we note that the papers [13, 20] provide examples of pseudoconvex domains on which the 9-Neumann operator N is noncompact in the L2 topology. Theorem 1.1. Let U be a smoothly bounded, pseudoregular domain in C" , i.e., a pseudoconvex domain on which the d-Neumann operator N is compact in the L2 topology. Also, let H2(U) be the Bergman space on U, i.e., the subspace of L2(U) of holomorphic functions on U. Given a bounded holomorphic mapping (p : U -> C" whose components are in CX(U), let T^ be the n-tuple of multiplication operators by the components of 4> acting on H2(U). For a given domain ft c C", the following conditions are equivalent:
(1) ft C <p(U) and cp: A = <p~x(£l) -► ft is a proper mapping of multiplicity m.
(2) For each w g ft, the linear space Ran(T^_w) defined by Ran(^_",) = j J2(<pj -Wj)fj : f £ H2(U), 1 < j < n I is closed in H2 and has codimension m. domains that are not of finite type in general, but that are still pseudoregular, are domains satisfying Catlin's property P (see [4] ). Typically, pseudoconvex Reinhardt domains with no analytic disks in their boundaries are pseudoregular (see [21, 19] ). On the other hand, the new work of Boas and Straube [3] shows that smooth convex domains satisfy Condition R and hence are pseudoregular.
(b) It is natural to ask the following question: with <p : U -* ft as in the above corollary, what is the behavior of E^w) as w approaches some point in 9ft? As pointed out previously, U satisfies Bell's Condition R, i.e., the Bergman projection P : L2(U) -> H2(U) leaves C°°(U) invariant. It follows that cp can be extended smoothly to dU (see [2] or [8] ). (Note that Ran(r^,_U)) is no longer closed when w £ dU. In fact, we suspect that, in most cases, Ran(r0_w) is dense in H2(U) when w £ dU.) In case the boundaries of U and ft are real analytic and pseudoconvex, then 4> continues holomorphically past the boundary (see [9] ). Formally, the vector bundle E^ seems to depend on the Hilbert space H2(U), but that turns out not to be the case. Here is why.
Let <j>: A -> ft be a proper map. Consider the direct image sheaf 4>»cfA. The fibre at a point y G ft is x^-xy a natural structure of holomorphic bundles that is independent of operatortheoretic considerations. Therefore, when 0 continues holomorphically past the boundary, the vector bundle (whose associated sheaf is <j>*cfA) continues holomorphically past the boundary. Thus we think of ^ as a proper mapping of a larger domain that properly contains U. As a result, we see that it; tending to d U is no different from w lying in the interior of U and the statement of (b) holds even when w lies in ou.
However, we must stress that the continuation of E^ that we have specified is as a holomorphic vector bundle. The utility of E^ in Theorem 1.1 is as a Hermitian vector bundle (see [16] ). Thus, at this writing, we do not fully understand the boundary behavior of E^.
Intersection numbers and multiplicity
Definition 2.1. Let f £ cf(0) be such that f(0) = 0, I < j < n, and assume that {0} = n>=i Vi > where Vj is the divisor associated with f, 1 < j < n. Let ft be a bounded domain in C". Any of the equivalent conditions given in the next proposition for an n -tuple T satisfying the hypotheses will guarantee that T* is in the Cowen-Douglas class Bm(Q.) (see [6; 18, Theorem 3.4]). As we shall see below, such hypotheses are automatically satisfied in our situation. Let U be a smoothly bounded pseudoregular domain and </>: U -> C" be a holomorphic mapping that extends continuously to dU. Also, assume that ft is another bounded domain such that ft C (p'(U). Then the following conditions are equivalent:
(1) T; is in Bm(Q). (b) =$> (c) follows from Proposition 3.1, except for the last assertion (i.e., the fibre isomorphism statement). The proof of that fact uses an argument identical to one given in the proof of [14, Theorem 3.5] . _ In order to proof that (c) => (a), note that cr(7^) = <t>(U) because we are assuming that </> G CX(U) (see [15, §4] ). Since ft n are(T$) = 0, because 7^ G 5m(ft) (so that r^-u, is right invertible for every w £ ft), and d<p(U) c are(T^) by [14, Proposition 2.2], we deduce that ft c (f>(U). Now the desired conclusion follows from Theorem 3.2. □
